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Abstract
We fix a gap in the proof of a result in our earlier paper “Generalised notions of
amenability, II” (J. Funct. Anal. 254 (2008) 1776-1810), and so provide a new proof
to a characterization of amenability for Beurling algebras. The result answers a
question raised by M. C. White (Bull. London. Math. Soc. 23 (1991) 375380).
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Let G be a locally compact group. A weight function ω on G is a posi-
tive continuous real-valued function on G that satisfies ω(xy) ≤ ω(x)ω(y)
for all x, y ∈ G. Denote the unit element of G by e. Under the condition
ω(e) = 1, N. Grønbæk showed in [3] that the weighted group convolution al-
gebra L1(G, ω), called the Beurling algebra of G for ω, is amenable if and only
if G is an amenable group and the function Ω(g) = ω(g)ω(g−1) is bounded
on G. M. C. White raised the question in [6] as to whether the condition
ω(e) = 1 is removable. We gave a new proof to Grønbæk’s result in [2] based
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on the statement that if L1(G, ω) is amenable, then there is a virtual diag-
onal u ∈ (L1(G, ω)⊗̂L1(G, ω))∗∗ such that δg · u · δg−1 = u for all g ∈ G.
We point out here that the latter condition holds if and only if L1(G) has a
quasi-central bounded approximate identity, that is, a bounded approximate
identity (eα) ⊂ L
1(G) satisfying δg ∗ eα− eα ∗ δg → 0, for all g ∈ G. Of course,
this is the case when G is an amenable or SIN group, but is not true in gen-
eral (see [4]). This oversight compromises propositions 8-12 of our paper [2],
resulting in them being unavailable in general.
In this note we remove the use of the above additional assumption on u and
thus fix the gap in our proof of amenability result for Beurling algebras given
in [2]. This gives a complete answer to the above mentioned question of White.
Since L1(G, ω) is an ideal ofM(G, ω), we may regard it as a BanachM(G, ω)-
bimodule with the convolution ∗ as the left and the right module multiplica-
tions. This naturally makes L1(G, ω)⊗̂L1(G, ω) a Banach M(G, ω)-bimodule
with module actions defined by
µ · (a⊗ b) = (µ ∗ a)⊗ b and (a⊗ b) · µ = a⊗ (b ∗ µ),
for µ ∈ M(G, ω) and a, b ∈ L1(G, ω). The induced M(G, ω)-module actions
on (L1(G, ω)⊗̂L1(G, ω))∗ = L∞(G×G, ω−1× ω−1) are given by the following
formulas. For µ ∈ M(G, ω) and F ∈ L∞(G×G, ω−1 × ω−1),
[µ · F ](x, y) =
∫
G
F (x, ys) dµ(s) =
∫
G
F (x, s) d(δy ∗ µ)(s) (x, y ∈ G)
[F · µ](x, y) =
∫
G
F (sx, y) dµ(s) =
∫
G
F (s, y) d(µ ∗ δx)(s) (x, y ∈ G).
In the sequel, to simplify notation we will denote L1(G, ω), L∞(G, ω−1) and
L∞(G×G, ω−1 × ω−1) by L1(ω), L∞(ω−1) and L∞(ω−1 × ω−1), respectively.
Lemma 1 Let ω be a weight function on a locally compact group G. Suppose
that L1(ω) is amenable. Then the function Ω(g) = ω(g)ω(g−1) is bounded on
G.
Proof Let u ∈ (L1(ω)⊗̂L1(ω))∗∗ be a virtual diagonal for L1(ω), so that
f ·u = u ·f and pi∗∗(u) ·f = f for all f ∈ L1(ω), where pi∗∗ is the second dual of
the multiplication operator pi: L1(ω)⊗̂L1(ω)→ L1(ω) defined by pi(a⊗b) = a∗b
for a, b ∈ L1(ω). Let (ei) be a bounded approximate identity for L
1(ω) such
that ei(x) ≥ 0 (x ∈ G) and ‖ei‖ ≤ C for all i. For each g ∈ G we have,
(ei ∗ δg) · u · (δg−1 ∗ ei) = (u · (ei ∗ δg)) · (δg−1 ∗ ei) = u · e
2
i .
Going to a subnet if necessary, we may assume wk*-limi u · e
2
i exists. Define
2
u˜ = wk*- limi u · e
2
i . We then have pi
∗∗(u˜) · f = f for f ∈ L1(ω) and
wk*- lim
i
(ei ∗ δg) · u · (δg−1 ∗ ei) = u˜
for all g ∈ G. Now take a f ∈ L1(ω) such that f has compact support K
and
∫
G f(x)dx = 1. Since 1K ∈ L
∞(ω−1), which is a Banach L1(ω)-bimodule,
F = f · 1K ∈ L
∞(ω−1), where · denotes the L1(ω)-module multiplication. So
pi∗(F ) ∈ L∞(ω−1 × ω−1). Indeed
pi∗(F )(x, y) = F (xy) =
∫
1K(xyξ)f(ξ)dξ (x, y ∈ G).
It follows that pi∗(F )(x, y) = 0 whenever xy 6∈ KK−1. Set E = KK−1, a
compact subset of G. Then
〈pi∗(F ), u˜〉 = 〈F, pi∗∗(u˜)〉 = 〈1K , pi
∗∗(u˜) · f〉 = 〈1K , f〉 =
∫
K
f(x)dx = 1 . (1)
Define
A = {(x, y) : xy ∈ E} .
Then pi∗(F ) has its support contained in A, so pi∗(F ) = pi∗(F )1A.
Given α > 0, define
Aα = {(x, y) ∈ A : ω(x)ω(y) < α} ,
Bα = A \ Aα = {(x, y) ∈ A : ω(x)ω(y) ≥ α} .
Clearly pi∗(F ) = pi∗(F )1Aα + pi
∗(F )1Bα, and both pi
∗(F )1Aα and pi
∗(F )1Bα
belong to L∞(ω−1 × ω−1).
Now we estimate
|〈pi∗(F )1Bα, u˜〉| ≤ ‖ pi
∗(F )1Bα‖ · ‖u˜‖
= ‖u˜‖ sup
Bα
∣∣∣∣∣pi
∗(F )(x, y)
ω(x)ω(y)
∣∣∣∣∣
= ‖u˜‖ sup
Bα
∣∣∣∣∣F (xy)ω(xy) ·
ω(xy)
ω(x)ω(y)
∣∣∣∣∣
≤ α−1‖u˜‖ ‖F‖C1 ,
where C1 = supt∈E ω(t). It follows that
lim
α→∞
〈pi∗(F )1Bα, u˜〉 = 0 . (2)
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Furthermore, for each g ∈ G,
|〈pi∗(F )1Aα, u˜〉| = lim
i
|〈pi∗(F )1Aα, (ei ∗ δg) · u · (δg−1 ∗ ei〉|
≤ lim sup
i
‖u‖ ‖(δg−1 ∗ ei) · pi
∗(F )1Aα · (ei ∗ δg)‖. (3)
For (x, y) ∈ G×G,
[(δg−1 ∗ ei) · pi
∗(F )1Aα · (ei ∗ δg)] (x, y)
=
∫
G×G
[δyg−1 ∗ ei](t) [pi
∗(F )1Aα] (s, t) [ei ∗ δgx](s) dt ds
=
∫
Aα
[δyg−1 ∗ ei](t) [pi
∗(F )](s, t) [ei ∗ δgx](s) dt ds
=
∫
Aα
[δyg−1 ∗ ei](t)F (st) [ei ∗ δgx](s) dt ds.
So that
|[(δg−1 ∗ ei) · pi
∗(F )1Aα · (ei ∗ δg)] (x, y)|
≤ ‖F‖
∫
Aα
[δyg−1 ∗ ei](t) [ei ∗ δgx](s)ω(st) dt ds
≤ C1‖F‖
∫
Aα
[δyg−1 ∗ ei](t) [ei ∗ δgx](s) dt ds.
We now multiply and divide the last term by ω(g)ω(g−1). Note that, for (s, t) ∈
Aα,
ω(g)ω(g−1) ≤ ω(gy−1t)ω(sx−1g−1)ω(t−1y)ω(xs−1)
≤ ω(gy−1t)ω(sx−1g−1)ω2((st)−1)ω(s)ω(t)ω(x)ω(y)
≤ α C22 ω(gy
−1t) ω(sx−1g−1) ω(x)ω(y),
where C2 = sup{ω(τ) : τ ∈ E
−1}. Thus
‖(δg−1 ∗ ei) · pi
∗(F )1Aα · (ei ∗ δg)‖
= sup
x,y∈G
∣∣∣∣∣ [(δg−1 ∗ ei) · pi
∗(F )1Aα · (ei ∗ δg)] (x, y)
ω(x)ω(y)
∣∣∣∣∣
≤
α C1 C
2
2 ‖F‖
ω(g)ω(g−1)
∫
Aα
[δyg−1 ∗ (eiω)](t) [(eiω) ∗ δgx](s) dt ds
≤
α C1 C
2
2 ‖F‖C
2
ω(g)ω(g−1)
. (4)
Suppose the result is false. Then there is a sequence (gn) ⊂ G such that
limn→∞ ω(gn)ω(g
−1
n ) = ∞, whence it follows from (3) and (4) that for each
α > 0,
|〈pi∗(F )1Aα, u˜〉| = 0 . (5)
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Putting (2) and (5) together, we may conclude
〈pi∗(F ), u˜〉 = 0 ,
which contradicts (1). Therefore, the function Ω(g) must be bounded on G.
Let LUC(ω−1) be the space of all continuous functions f ∈ L∞(ω−1) such that
the left translation s 7→ lsf is continuous from G into L
∞(ω−1). It is readily
seen that LUC(ω−1) is a right L1(ω) submodule of L∞(ω−1) and L1(ω) has a
bounded right approximate identity for LUC(ω−1). So
LUC(ω−1) = L∞(ω−1) · L1(ω)
due to the Cohen factorization theorem. Under the condition ω(e) = 1 it is
shown in [3] (see also [1, Proposition 7.17]) that
LUC(ω−1) = {f ∈ L∞(ω−1) : f/ω ∈ LUC(G)}.
We define LUC1(ω
−1 × ω−1) to be the space of all continuous functions f ∈
L∞(ω−1 × ω−1) that are left uniformly continuous with respect to the first
variable, i.e.
LUC1(ω
−1 × ω−1) = {f ∈ L∞(ω−1 × ω−1) ∩ C(G×G) :
s 7→ l(s,e)f : G→ L
∞(ω−1 × ω−1) is continuous}.
When ω = 1, we will denote such space by LUC1(G × G). It is easy to
check that |f | ∈ LUC1(ω
−1 × ω−1) if f ∈ LUC1(ω
−1 × ω−1). So max{f1, f2},
min{f1, f2} ∈ LUC1(ω
−1 × ω−1) whenever f1, f2 ∈ LUC1(ω
−1 × ω−1) are
real-valued. Moreover, LUC1(ω
−1 × ω−1) is a Banach right L1(ω)-submodule
of C(ω−1 × ω−1) and L1(ω) has a bounded right approximate identity for
LUC1(ω
−1 × ω−1), where C(ω−1 × ω−1) = L∞(ω−1 × ω−1) ∩ C(G× G) is re-
garded as a L1(ω)-submodule of L∞(ω−1 × ω−1). Therefore, due to the Cohen
factorization theorem,
LUC1(ω
−1 × ω−1) = C(ω−1 × ω−1) · L1(ω).
We then note that pi∗(LUC(ω−1)) ⊂ LUC1(ω
−1 × ω−1). In particular, pi∗(ω) ∈
LUC1(ω
−1 × ω−1) if ω ∈ LUC(ω−1). The latter condition is automatically
satisfied if ω(e) = 1.
Recall that φ: G → R is a character if φ(xy) = φ(x)φ(y) (x, y ∈ G). The
following result is due to M. C. White [6, Lemma 1].
Lemma 2 Let G be an amenable group and ω be a weight on G. Then there
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is a continuous positive character φ on G such that
φ(g) ≤ ω(g) (g ∈ G) .
We now prove a similar result, replacing the amenability condition on G by
amenability condition on L1(ω).
Lemma 3 Let ω be a weight on G such that ω ∈ LUC(ω−1). Suppose that
L 1(ω) is amenable. Then there is a continuous positive character φ on G such
that
φ(g) ≤ ω(g) (g ∈ G) .
Proof If (uα) ∈ L
1(ω)⊗̂L1(ω) is a bounded approximate diagonal for L1(ω),
then so is (Re(uα)). So there is u ∈ (L
1
R(ω)⊗̂L
1
R(ω))
∗∗ such that ϕ · u = u · ϕ
and pi∗∗(u) · ϕ = ϕ for all ϕ ∈ L1R(ω), where L
1
R(ω) denotes the real Beurling
algebra for the weight ω. Due to this fact, in the following discussion we may
simply assume all function spaces involved are real-valued function spaces. In
particular L1(ω) = L1R(ω).
Let uˆ = u|LUC1(ω
−1 × ω−1). Then uˆ ∈ (LUC1(ω
−1 × ω−1))∗ and
δg−1 · uˆ · δg = uˆ (g ∈ G) (6)
since LUC1(ω
−1 × ω−1) = C(ω−1 × ω−1) · L1(ω).
For f ∈ LUC1(ω
−1 × ω−1)
+
we define
u˜(f) = sup{〈uˆ, ψ〉 : |ψ| ≤ f, ψ ∈ LUC1(ω
−1 × ω−1)} .
Then u˜ 6≡ 0 on LUC1(ω
−1 × ω−1)
+
. In fact, pi∗(ω) ∈ LUC1(ω
−1 × ω−1)
+
and
u˜(pi∗(ω)) ≥ 〈uˆ, pi∗(ω)〉 = 〈pi∗∗(u), ω〉 = lim
i
〈pi∗∗(u), ω · ei〉
= lim
i
〈ei, ω〉 ≥ lim inf
i
‖ei‖ω ≥ 1, (7)
where (ei) ⊂ L
1(ω)
+
is a bounded approximate identity.
It is standard to check the following affine properties of u˜:
u˜(cf) = cu˜(f), u˜(f1 + f2) = u˜(f1) + u˜(f2)
for c ≥ 0 and f, f1, f2 ∈ LUC1(ω
−1 × ω−1)
+
. For example, one can verify
u˜(f1 + f2) ≤ u˜(f1) + u˜(f2) as follows: If ψ ∈ LUC1(ω
−1 × ω−1) satisfies |ψ| ≤
f1 + f2, then we let
ψ1 = max{−f1,min{ψ, f1}} and ψ2 = max{ψ − f1,min{ψ + f1, 0}}.
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We have ψ1, ψ2 ∈ LUC1(ω
−1 × ω−1), |ψ1| ≤ f1, |ψ2| ≤ f2, and ψ1 + ψ2 = ψ.
These lead to
〈uˆ, ψ〉 = 〈uˆ, ψ1〉+ 〈uˆ, ψ2〉 ≤ u˜(f1) + u˜(f2)
for all ψ ∈ LUC1(ω
−1 × ω−1) with |ψ| ≤ f1+f2. So u˜(f1+f2) ≤ u˜(f1)+ u˜(f2)
holds. The opposite inequality is obvious. Thus the claimed equality holds.
Clearly, 0 ≤ u˜(f) ≤ ‖u‖ ‖f‖ for f ∈ LUC1(ω
−1 × ω−1)
+
. Then u˜ can be
extended to a bounded linear functional on LUC1(ω
−1 × ω−1), still denoted
by u˜, in the obvious manner. We have u˜ 6= 0, ‖u˜‖ ≤ ‖u‖ and 〈u˜, f〉 ≥ 0 for
f ∈ LUC1(ω
−1 × ω−1)
+
. Therefore, u˜ is monotonic. Moreover, given g ∈ G
and f ∈ LUC1(ω
−1 × ω−1)
+
,it is true that ψ ∈ LUC1(ω
−1 × ω−1) and |ψ| ≤ f
if and only if δg · ψ · δg−1 ∈ LUC1(ω
−1 × ω−1) and |δg · ψ · δg−1 | ≤ δg · f · δg−1 .
This together with (6) ensures
δg−1 · u˜ · δg = u˜ (g ∈ G). (8)
By Lemma 1, there is M > 0 such that ω(g−1)ω(g) ≤M for all g ∈ G. Denote
by Γ the collection of all finite subsets of G. For each F ∈ Γ, define
ωF (x) = max
g∈F
ω(g−1xg) (x ∈ G).
We have ωF ∈ LUC(ω
−1) and
1
M
ω ≤ ωF ≤Mω. (9)
For g ∈ G, let
Wg(x, y) =
ω(gx)ω(gy−1)
ω(x)ω(y−1)
(x, y ∈ G).
Then Wg ∈ LUC1(G×G) and
0 <
1
ω(g−1)2
≤Wg ≤ ω(g)
2.
Therefore, logWg ∈ LUC1(G × G) for each g ∈ G. We note that, with the
pointwise multiplication, LUC1(G×G)LUC1(ω
−1 × ω−1) ⊂ LUC1(ω
−1 × ω−1).
So
A(F )g :=
(
1
2
logWg
)
pi∗(ωF ) ∈ LUC1(ω
−1 × ω−1)
for each g ∈ G and each F ∈ Γ. Furthermore
−
(
log ω(g−1)
)
pi∗(ωF ) ≤ A
(F )
g ≤ (logω(g))pi
∗(ωF ) . (10)
We note that
Wg1g2(x, y) =Wg1(g2x, yg
−1
2 )Wg2(x, y) .
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We have
A(F )g1g2(x, y) =
((
1
2
logWg1(g2x, yg
−1
2 )
)
+
(
1
2
logWg2(x, y)
))
pi∗(ωF )(x, y)
=
(
δg−1
2
·A(g2F )g1 · δg2
)
(x, y) + A(F )g2 (x, y).
To get the second equality above we have used δh·pi
∗(ωF )·δh−1 = pi
∗(δh·ωF ·δh−1)
( h ∈ G) and
δh·ωF ·δh−1(x) = ωF (h
−1xh) = max
g∈F
ω(g−1(h−1xh)g) = max
g∈hF
ω(g−1xg) = ωhF (x) .
Applying (8) we derive
〈u˜, A(F )g1g2〉 = 〈u˜, A
(g2F )
g1
〉+ 〈u˜, A(F )g2 〉. (11)
The net (pi∗(ωF ))F∈Γ is a bounded increasing net in the commutative unital
C*-algebra LUC1(ω
−1 × ω−1) whose product is given by the formula
Φ ·Ψ(x, y) =
Φ(x, y)Ψ(x, y)
ω(x)ω(y)
.
So the net converges to some Υ ∈ LUC1(ω
−1 × ω−1)
∗∗
in the weak* topology
of LUC1(ω
−1 × ω−1)
∗∗
. From (7) and (9) we have
〈u˜, Υ 〉 ≥
1
M
> 0.
Now regard LUC1(G × G) as a Banach algebra with the pointwise multi-
plication. Then LUC1(ω
−1 × ω−1) is a Banach LUC1(G× G)-bimodule (also
with pointwise multiplication as the module action). The induced left module
action on LUC1(ω
−1 × ω−1)
∗∗
is weak* continuous. So we have
wk*- lim
F
A(F )g =
1
2
(logWg)) Υ .
Denote the right side by Ag. Taking limit in (11) we then derive
〈u˜, Ag1g2〉 = 〈u˜, Ag1〉+ 〈u˜, Ag2〉 (g1, g2 ∈ G) .
On the other hand, by (10)
− logω(g−1) 〈u˜,Υ〉 ≤ 〈u˜, Ag〉 ≤ log ω(g) 〈u˜,Υ〉 .
To conclude, we define
φ(g) = exp (〈u˜, Ag〉/〈u˜,Υ〉) (g ∈ G) .
Then φ is a character on G and it satisfies
1
ω(g−1)
≤ φ(g) ≤ ω(g) (g ∈ G) .
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The inequality together with the continuity of ω ensures that φ is locally
bounded, which then implies that φ is continuous (see the proof of [6, Lemma 1]).
The proof is complete.
Lemma 4 Let ω be a weight on G. Then there is a weight w on G such that
w ∈ LUC(w−1) and w is eqivalent to ω, that is, there are m,M > 0 such that
mω(x) ≤ w(x) ≤ Mω(x) (x ∈ G). (12)
Proof The proof is essentially the same as that of [5, Theorem 3.7.5]. Let K
be a symmetric compact neighborhood of e in G. Take a function ϕ ∈ C(G)+
such that supp(ϕ) ⊂ K and
∫
G ϕ = 1. Define w = ω · ϕ, i.e.
w(x) =
∫
G
ϕ(ξ)ω(ξx)dξ (x ∈ G).
Then w ∈ LUC(ω−1)+. Let N = max{ω(x) : x ∈ K}. Then w(x) = N3w(x)
is a weight on G, w ∈ LUC(ω−1), and the equivalence relation (12) holds
for m = N2 and M = N4. The latter two conditions, in turn, imply that
w ∈ LUC(w−1). The proof is complete.
We are now ready to prove our final theorem.
Theorem 5 Let ω be a weight on G. Then L1(ω) is amenable if and only if
G is amenable and the function Ω(g) = ω(g)ω(g−1) (g ∈ G) is bounded.
Proof From Lemma 4 we may assume ω ∈ LUC(ω−1).
Suppose that L1(ω) is amenable. Then Ω is bounded due to Lemma 1. We
show that G is amenable. Of course this can be simply done by using the
isomorphism L1(ω) ∼= L1(G) as we did in [2, Proposition 8.10]. But here we
give a direct proof by showing that there is a left invariant mean on LUC(G).
This proof itself should be of independent interest. Let φ be the character
obtained in Lemma 3. Then φ ∈ LUC(ω−1), and so fφ ∈ LUC(ω−1) for each
f ∈ LUC(G). We have fφ × φ ∈ LUC1(ω
−1 × ω−1). Let u˜ be the bounded
linear functional on LUC1(ω
−1 × ω−1) obtained in the proof of Lemma 3.
Define
m0(f) = 〈u˜, fφ× φ〉 (f ∈ LUC(G)).
Since φ is a character we have
lgf(x)φ(x)φ(y) = [lg(fφ)](x) [rg−1φ](y).
So (lgf)φ× φ = δg−1 · (fφ× φ) · δg. Therefore,
m0(lgf) = 〈u˜, δg−1 · (fφ× φ) · δg〉 = 〈u˜, fφ× φ〉 = m0(f),
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i.e. m0 is left invariant. Moreover, |m0(f)| ≤ 〈u˜, φ × φ〉‖f‖∞ for all f ∈
LUC(G). Thus
‖m0‖ ≤ 〈u˜, φ× φ〉 = m0(1).
This implies ‖m0‖ = m0(1). On the other hand, m0 6= 0. To see this, we note
ω(x)ω(x−1) ≤M for some M > 0 and then
ω(x) = ω(x)φ(x−1)φ(x) ≤ ω(x)ω(x−1)φ(x) ≤ Mφ(x) (x ∈ G). (13)
So
m0(1) = 〈u˜, φ× φ〉 = 〈u˜, pi
∗(φ)〉 = 〈pi∗∗(u˜), φ〉 ≥
1
M
〈pi∗∗(u˜), ω〉 ≥
1
M
.
All the above show that m = m0
‖m0‖
is a left invariant mean on LUC(G). So G
is amenable.
For the converse, if G is amenable, then by Lemma 2 there is a positive
character φ on G such that φ ≤ ω. If in addition ω(g)ω(g−1) ≤ M on G,
then (13) holds. Therefore, L1(ω) is isomorphic to L1(G) through the Banach
algebra isomorphism f 7→ fφ. Thus L1(ω) is amenable since L1(G) is amenable
for the amenable group G.
Acknowledgement: The authors would like to thank the referee for carefully
reading the paper and valuable comments.
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